The situation of intersecting hypersurfaces in classical dimensionally continued Euler density gravity was introduced in our recent work [1] . We wish to simplify and demystify the calculations, providing an interesting geometrical interpretation. This analysis allows us to deal most efficiently with the division of space-time into a honeycomb network of cells which one might expect from membranes of matter. We exploit a kind of duality between the simplex and a simplicial intersection via a multi-parameter extension of the Cartan Homotopy. This approach is valid for Euler and Pontryagin densities but also for the Lovelock gravity whose action is a dimensionally continued Euler density. As an implication, in the nth order Lovelock gravity, surfaces up to co-dimension n naturally carry localised matter.
Introduction
There is a higher dimensional generalisation of General Relativity called Lovelock Gravity. The Action is a sum of terms which are dimensionally continued Euler densities and yields the Lovelock equations of motion [2] . These Actions are polynomials of order n in the curvature. The key point in ref. [1] is the relationship of each term in the Action to its Topological cousin, the Euler density.
These theories were studied in the late 1980's when it was realised that they were related to strings and were ghost free in a flat background [3] . Recently the special properties of the theories have been studied motivated by braneworld models [4] , higher dimensional black holes and also Chern-Simons Gravity.
It is known from the work of Geroch and Traschen [5] that, of all singular sources in Einstein's theory, there is something special about the co-dimension 1 source. The energy momentum tensor is well defined as a distribution. We claim that the fundamental sources of the order n Lovelock Gravity are of co-dimension n or less. There is something special about them as we shall see.
Let us consider a co-dimension 1 surface and the junction conditions [6] . At a junction, the metric is continuous but the normal derivative jumps. The part of the curvature that is intrinsic to the junction is single valued but the extrinsic curvature representing the embedding of the surface into the manifold is different on each side. We wish to work in terms of Cartan's moving frame formalism and so in this language it is the connection one-form that is discontinuous. The problem is that there are discontinuous forms meeting at intersections. We would like to re-express the problem in terms of continuous connection 1-forms so as to use usual methods of differential geometry. Now the Euler number is something that is actually independent of the local form of the of metric and associated connection. 
for M a compact, Riemannian manifold. It is a purely topological number. Given one smooth connection, one can formally rewrite the Euler number in terms of a discontinuous connection. One will then have boundary and intersection terms in the integral. This amounts to turning the manifold into a honeycomb-type lattice.
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The set of boundary and intersection terms were found in the previous work and are summarised in section 2. In section 3, we shall re-derive these results by introducing a closed form η in a space W ⊂ F . F is a product space of the manifold M and the space of Homotopy parameters appearing in the definition of the intersection terms. The condition that η be closed will be shown to be equivalent to our composition rule (5) . The results can be presented in a simpler way by introducing a multi-parameter generalisation of the Cartan Homotopy Operator. The entire honeycomb is described by a few simple equations. All sorts of intersections which it contains are accommodated in the scheme given by these equations and the shape of W. For the Euler density, we find an explicit expression for η and show that it is closed in F. The form of the intersection terms is clarified greatly.
In section 4 we turn to a dimensionally continued action where the metric enters into the action. We can hope to use the same strategy in reverse. The metric connection of a space with membranes is discontinuous. Can we still rewrite it in terms of a continuous connection plus boundary terms? We will show that the answer is yes and that the gravitational intersection Lagrangians obey the same composition rule (5) . This is because the dimensionally continued η is still closed over the domain of integration W ⊂ F .
We can write the action which generates all the intersection terms as:
η is given by (12) for the Euler Density and (41) for the dimensionally continued Euler Density.
The composition rule
We will review the argument of ref. [1] . Let ω be any connection and Ω the curvature. The continuous variation of an invariant Polynomial
with respect to the connection produces the well known formula
where TP is the Transgression of P [7] . This was generalised to the composition formula:
and an expression for the general L was found. It was shown that these forms live on the intersections of regions of M. Lets divide M up into a honeycomb of regions i, with intersections {ij}, {ijk} etc. The integral over the manifold of L(ω) can be rewritten
Explicit formulae for these intersection terms were found. We will find somewhat simpler expressions for them in the next section. We shall discuss the Euler density which on a manifold of dimension 2n with Riemannian connection is proportional to:
but much of what follows applies to the Pontryagin form and related quantities.
A geometrical approach
We want to describe the situation in the vicinity of an intersection of co-dimension p between different bulk regions. In this vicinity there will also be intersections of lower co-dimension. At each intersection, we have a meeting of connections ω i in the different regions. Let us for the moment deal only with simplicial intersections. We define the simplicial intersection of codimension p to be a surface of codimension p where p+1 regions meet. It was found in [1] that the L(ω 0 , ..., ω p ) is an integral over p different homotopy parameters interpolating between the connections (see (14) of this paper).
Let us interpolate in the most symmetrical way. We introduce a p-dimensional simplex in the space of some parameter t. Let us define the interpolating connection:
Sometimes we will use the specific parameterisation denoted by the latin index
To avoid confusion we shall use a greek index t α to denote the general parameterisation. Each order of intersection causes us to lose a dimension but gain an extra connection. each new connection means an extra parameter of continuous variation. As it were, in integrating, each time we lose a dx we gain a dt. With this in mind, we can think of our action as living in a d-dimensional space which is a mixture of space-time and t directions.
So we introduce the Space F = M × S N −1 , with S N −1 , a simplex of dimension N − 1. N being the total number of regions on M. At each of the N points of the simplex there lies a continuous connection form ω i on M with its support on some open set in M containing the region i. Each contribution to our action will live on some d-dimensional subspace of F . The technical reason for introducing this is that the connection is continuous on F and integration is well defined. There is also an aesthetic reason. It is quite a nice feature of the problem that the mathematics will take on its simplest form when the t-space is a simplex. It provides a geometrical picture which can simplify many calculations. For example, the treatment of a non-simplicial intersection becomes easy as we shall see.
Let us define a d-dimensional differential form in this space F (where for convenience the dx's are suppressed).
We can now proceed to integrate this form over different faces of S N −1 . A p-face (which we call s 0...p or just s) is a subsimplex of S N −1 which interpolates between a total of p + 1 different connections. Let us define L 0...p to be the integral over the (p)-dimensional face:
2 Strictly there should be a factor of (−1) P (0,...,p) in the middle term to account for the orientation with respect to S N −1 . However, we can choose s to have the positive orientation by assuming the points 0...p are in the appropriate order.
η here being understood to be evaluated at t=t(s) so that the integral is a function of x only. This integral picks out terms in η which are a volume element on the appropriate face. We would like, for an appropriate choice of η, to identify this term with L(ω 0 , ..., ω p ) as defined in the introduction with respect to the Euler Density. We shall see that this can indeed be done and we shall find a simple form for η.
Proposition (1):
The appropriate condition on η such that L 0...p obeys the composition rule (5) is that η be a closed form, d (F ) η = 0. Here the exterior derivative on F is just a linear combination
η are the exterior derivative restricted to the simplex and M respectively.
Proposition (2):
The form of η corresponding to the Euler density is
Ω(t) is the curvature associated with ω(t);χ = d (t) ω(t).
Proposition (3):
The intersection Lagrangian can be recovered by the specific choice:
A p = (−1)
The integration is over the right angled simplex {t| i t i ≤ 1}. We will see that the asymmetry between the point 0 and the points 1,...,m is merely an illusion.
To prove the first proposition, we will need to use Stokes' Theorem on the face s.
The boundary of the simplex s 0...p is
with the orientation being understood from the order of the indices. Now let us integrate the form d (M ) η over the face. We will need to remember that in permuting this exterior derivative past the dt's we will pick up a ± factor.
Using this information we may integrate over the p-face s
Combining equations (15) and (18) 
If our form η is closed in F, d (F ) η must necessarily vanish term by term in the dt's and dx's. The integral on the right hand side of (19) must therefore vanish. Recalling the definition (11) we have proved proposition (1):
The condition that η be closed is indeed equivalent to our composition formula. The proof of proposition 2 is in the appendix. Proposition 3 follows from proposition 2 by expanding the polynomial but we will show it by more brute force method. First we note that for ω(t) = ω 0 + i t i χ i we get a useful formula:
where D(t) is the covariant derivative associated with ω(t). Now let us verify explicitly that the right hand side of (19) vanishes. For convenience, we will drop the wedge notation.
In the first line we have used Stokes' Theorem (15). In the second and last line (14) was used. In the third we made use of (21). In the fourth the Bianchi identity for Ω(t), (A. 7) and the invariance of the polynomial (A.
8). A comparison with equation (19) tells us that d F η does indeed vanish provided
There is a consistency check we need to make. We want to equate the left hand side of (22) with a sum of terms
. (14) is not manifestly symmetrical since it is constructed on a right-angled simplex with ω 0 at the origin. It follows straightforwardly from (13) for i = 0 that
What about the integral over the opposite face s 1...p ?
The integral has been made manifestly equivalent to an integral over a right angled simplex with the origin at ω p . In the second line, we have made use of the fact that the multiple integrals are all over the same face to replace the dt i with dt p . In the third line, we have used:
Also we have made use of the following relation, obtained from the multilinearity and anti-symmetry of the function f with respect to the χ's.
This makes the anti-symmetry of L with respect to the connections clear. Combining (13), So what have we gained by all this? Firstly we see that the simplicial intersection is related to a simplex in the parameter space. It is a bit like turning the simplex inside out. As pointed out already, the connection is smooth on F = M × S N as the d-dimensional Lagrangian density η weaves its way through x and t space.
Secondly, we have a simple expression for the Lagrangian density in W ⊂ F . It is given by (12) (recall W is the region of integration in F ). From equation (A.6) we notice that χ + Ω is just a kind of curvature of ω(t) on F , call it Ω F (t). In other words, the action is very trivial on this enlarged space.
and it obeys the same transgression formula as the thing we started with, only now on F . Under continuous variation ω(t) → ω ′ (t),
The shape of W is interesting. Every d-1 dimensional surface is thickened in the tdirection by a 1-dimensional simplex; These meet at a d-2 surface in M which looks like a triangular prism in W , etc. We conjecture without proof: W has the same topology as M, the excursions into the t-directions merely interpolate smoothly between points in F corresponding to the same point in M. In other words t are homotopy parameters so it seems reasonable that W is homeomorphic to M. We know that the equality holds:
and so it follows from our conjecture that η(ω(t)) is the Euler density of W . All that we did amounts to expanding both sides via (6) and (A.11), and equating the terms. The proof of proposition (1) can be thought of in terms of a generalisation of Cartans Homotopy formula to a higher number of homotopy parameters. Let the operator K s be defined by K s η ≡ s η and let K ∂s ≡ ∂s η. The equation 19 can be written as
This reduces to the usual Cartan Homotopy Formula for the 1-simplex m = 1.
In fact, the whole of our analysis can be reduced down to the two equations (28) and (31) In words: The whole intersection Lagrangian is a density in some higher dimensional simplicial product space over our manifold. The composition rules are an expression of this higher dimensional Cartan Homotopy operator acting on this Density. Thirdly, we now have a very efficient way to deal with a non-simplicial intersection in M. This is where k > p regions meet at a co-dimension p surface. We can easily deal with a non-simplicial intersection by integrating over a simplicial complex in t-space. More than one face of dimension p are associated with the same (d − p)-surface in M.
Lets consider a simple example. We have 4 regions, 1,..,4, meeting at a co-dimension 2 intersection I ⊂ M. The regions are numbered anti-clockwise in the plane. There are four hypersurfaces {12}, {23}, {34} and {41} meeting at I. As described in section 2, on each hypersurface lives a term L ij = L(ω i
The appropriate term for the non-simplicial intersection I is 
So the term which lives on the intersection is
It is the degenerate case where two simplicial intersections {123} and {341} (or equivalently {234} and {341}) coincide.
Dimensionally continued Euler Density
So far we have been considering the topological density. This is not much good as a Lagrangian. We know that the action yields no equations of motion. The point is that we can apply what we have learned to the dimensionally continued densities. The Lovelock Lagrangian is a combination of such densities:
Now we assume that the connection is a metric compatible (Lorentz) connection. There are now explicit factors of the vielbein frame E a appearing in the action. We have a manifold M, of dimension d, with regions, i, divided by surfaces of matter. The metric on M is continuous but the derivative of the metric is discontinuous at the surfaces. Once again we rewrite the Lagrangian in terms of the continuous connections ω i and boundary terms. We interpolate as before:
As shown in [1] the quantities D(t)E(t) and d (t) E(t) vanish everywhere on our domain of integration W . In fact, a good way to define W is: W is the region in F where
is a function of t because the derivative of the metric is discontinuous on M).
We have used the zero torsion condition
And so the composition formula is unchanged. To see that this is the case we make use of the invariance property of the polynomial contracted with the epsilon tensor. In W :
We have defined the covariant derivative on F :
The integral vanishes because D F (t)(χ + Ω(t)) = 0 by (A.9) and D F (t)E(t) = 0 as explained above. So we can define the form, closed in W :
The boundary terms will be terms in the expansion of η DC integrated over the appropriate simplex in F . For the dimensionally continued case, η DC and L are no longer Euler densities. It was therefore not obvious that our composition formula should survive. It does survive though because η DC is still a closed form in W ⊂ F .
As a consequence of the composition rule the infinitesimal variation of the action
with respect to the connection vanishes [1] , provided we impose the torsion free condition on the connection and continuity of the metric. So the equations of motion just come from the explicit variation with respect to the vielbein.
Conclusion
The theory of General relativity admits 'fundamental particle' sources of gravity which are hypersurfaces. If we are to take this notion of fundamental sources of the gravitational field seriously, we may expect them to show up [8] . What is more, an arbitrary collection of such objects should intersect. We have shown in [1] that in the higher nth-order Lovelock theories such hypersurface sources are also well defined and that there is a possibility of sources of co-dimension up to n. We would like to clarify that the sources do not have localised curvature at the intersections. The "delta functions" come from the higher curvature terms (although we don't really use delta functions-we deal only with Stokes Theorem). Schematically, for an intersection in the x-y plane:
A metric for an intersection of hypersurfaces which in GR has no localised matter, will generally have localised matter coming from the higher order Lovelock terms. Alternatively, for a collision we can demand no localised space-like matter and interpret the constraint on the geometry as conservation of energy for a collision of surfaces. The constraint will be of order α 2 , the coefficient of the quadratic Lovelock term. This qualitative difference is well illustrated by a planar intersection in AdS space [9] .
The strong relation between the integration and combinatoriacs of the simplicial intersections here is very interesting. We were in part motivated finding an alternative derivation of the combinatorial formula for the Pontryagin Class of a simplicial manifold [10] as mentioned in [7] . It turns out this has already been done in terms of the Alexander-Spanier Cocycles [11] . Our work seems to be very much related to the subject of Alexander-Spanier Cocycles.
For future work, there is a need to account for the global structure of M. different co-ordinate patches on M will have complicated gauge transformations for the various connections in ω(t) in the overlap map.
A Proof of dη = 0
The definitions of Ω(t) andχ and also the Jacobi identity [7] : The first term in the expansion evaluated at the 0-simplex {i} is just the Euler Density (3) in the interior of the region i. This, combined with the recursion relation (20) completes the proof by induction of the second proposition. As a consistency check, we can see that the terms in this expansion reproduce the form of (14).
